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Abstract. We present a tentative axiomatization of some concepts of Biology within the axiomatic
framework of the foundational theories of E. De Giorgi. We assume as primitives the notions of
quality, relation, operation and collection, and we give a basic axiomatization of these notions.
Working in this axiomatic framework, we propose some general axioms concerning the biological
concepts of living object, operation of generation, species and operation of speciation.

INTRODUCTION

In this paper we present a tentative axiomatization of some basic concepts of
Biology. This axiomatization is part of a general research programme on the Founda-
tions of Science, originated by E. De Giorgi at the Scuola Normale Superiore in Pisa
and carried on by several researchers in the last decade (see De Giorgi et al. (1994a,b;
1996a, b) and Forti et al. (1996, 1997, 1999)).The main aim of this programme is not
to provide safe and unquestionable grounds to scientific activity, but rather to develop
conceptual environments where this activity can be carried out naturally and without
artificial constraints. The main features of any conceptual environment (theory) stem-
ming from the foundational programme of E. De Giorgi are the following:

1) Non-reductionism: there are many kinds of ““qualitatively different" objects and
concepts which are studied by science. Although the mathematical modelling of many
scientific concepts has been fruitful in providing a quantitative analysis of these con-
cepts, nevertheless reducing natural scientific notions to their mathematical codes can
undermine the conceptual clarity of the notions themselves. For instance, the intuitive
notion of operation subsumes the intensional concept of process, and so operations
cannot be simply coded by listing their inputs and outputs. Moreover the possibility of
using qualitatively (and not only quantitatively) different kinds of objects simplifies
the enterprise of engrafting new notions, especially in natural sciences. In this paper,
for instance, biological objects are defined per se and not on the basis of a
decomposition into simpler components, whose mere sum cannot provide, in our

opinion, a complete definition of the biological object. The analysis of biological



objects into appropriate simpler components is essential to any theory of these
objects, as usual in the study of complex entities, but any decomposition returns only
a fragment of the intended properties of the object. In fact, any biological object has
properties and is involved in relations which refer to itself in its entirety (in foto), and
these are not adequately analysed in terms of the single components. Last but not
least, in Biology any object is also a component of higher-order entities; also the
consideration of these entities can be essential in the study of basic characteristics of
the object itself. For instance, any animal has to be studied as a member of some
species, and a species cannot be accounted to as a simple set of individuals, since it
has properties and relations involving it as a whole, independently of the specific set
of individuals which belong to it at any given time. Hence a species has to be
considered in a more general framework including the whole ecosystem, and also in a
historical context including its origin and development.

2) Open-endedness: the introduction of new notions should be always possible. Any
sufficiently analysed and clarified concept should be engraftable (innestabile) in a
natural way. To this end, the axioms and postulates involving the objects under
consideration have to be formulated so as to allow for the introduction of new objects
and concepts which can emerge from theoretical and experimental developments of
the considered disciplines, and this aim has to be achieved without having to revise
the formulation of the main properties previously axiomatized. For instance, we shall
see below that our theory is ready to accept even the existence of living objects of
completely different origin and nature, e.g. originated from outside our galaxy. This
feature is of primary importance in Biology, since there one needs conceptual
instruments suitable to systematize the new data which are produced continuously by
practical research on the field. As a matter of fact, it is often difficult, even impossible
at times, to integrate this huge quantity of new information within the current
conceptual frameworks.

3) Selfdescription: the main properties, relations and operations involving objects con-
sidered in the theory are themselves first-class objects of the theory.

4) Semiformal axiomatization: the theory should be presented in a clear and rigorous
axiomatic form, so as to allow for critical analysis by scholars of different fields of re-
search. To this end a rigorous presentation using the natural language seems
preferable to a complete formalization using some artificial language derived from
formal logic. Of course, one has to render the statements as unambiguous as possible,
by giving a precise axiomatic determination of the basic technical terms. The
axiomatic method prevents from mugging unconsciously into the theory intensions
and connotations which are not explicitly mentioned. This seems of particular
importance in Biology, because this science has not yet developed formal languages

of its own for expressing the different theories. It is therefore appropriate to accept the



challenge of giving an axiomatization in the style of classical mathematics. It is worth
mentioning that classical mathematics itself was intended as a scientific theory of the
natural world! In fact, the present state of Biology suggests to search and propose new
axioms rather than to deduce theorems from given axioms. Nevertheless the task of
deriving theorems and of comparing them with the experimental data collected by
experimental researchers is of great relevance in revising and improving the proposed
axioms. As an instance of attempt in this direction see Zanardo and Rizzotti (1994).

In our opinion, this way of considering Foundations is particularly important
in that it provides an approach to the mathematization of Biology, ultimately a
qualitative science, which is different from the (now) usual "quantitative" approach.
Aristotle, who can be considered an ancestor of the quantitative approach to natural
science, dedicates a large part of his work to biological problems, see Berti (1979).
We do not underestimate the great effort towards the mathematization of Physics
which occurred during the crucial years between Galileo and Newton. Galileo
conceives Mathematics as the alphabet by means of which the book of nature is
written. One can say that the idea of the "mathematizability" of nature was formulated
by Galileo in Tuscany not by chance. His conception of Mathematics as an instrument
for interpreting the perception of nature is implicit already in the attitude of the artists
of the Italian Renaissance, such as the geometrical theory of perspective of Piero della
Francesca (1899). The perception of the artist has to be communicated to the mind in
a mathematical language. The idea of homo mensura rerum appears here as the urge
of finding measures in nature and reporting them in the arts, see Iacono (1997). In a
sense it is odd that a quantitative approach to the mathematization of nature was
instrumental to such a global "sapiential" and ultimately qualitative experience as that
of art.

Biology did not participate to the formidable development of Physics as a
quantitative science originated by Galileo and Newton, see Mainzer (1994). Biology
met serious difficulties in finding its own way to mathematization: even Newton and
Leibnitz's Calculus appears early on "too simple" to be useful in Biology, as a tool for
finding out laws, solve problems, proving theorems, making forecasts. It is worth
noticing that the first biological application of Galileo's method, namely Redi's confu-
tation of the theory of spontaneous generation, faces indeed a qualitative problem,
see Redi (1975). Starting with Mendel's work, quantitative mathematization of
Biology proceeds though a strenuous reductionism. Notwithstanding a consequent
oversimplification of concepts, a fruitful period opens in 1900: Hardy-Weinberg
equilibrium, Fisher's theorem, Sewall-Wright and Haldane's work, Lotka and Vol-
terra's models. It also allows for limited prevision, see Gayon (1992), but early on it
stalls. New perspectives are opened by the theory of systems, which starts from

different principles and takes a less reductionistic approach. However one has still to



face the severe limits of the mathematical instruments at disposal. Recently the
mathematics of complex phenomena, which are unpredictable, even if deterministic
has been considered as a possible tool in Biology, see e.g. Stewart (1989). In fact,
unpredictability occurs already in classical mechanics when three bodies are
interacting, and three interacting bodies are surely an excessive simplification in
Biology!

So it seems that this stage of the quantitative approach produces models more
of a qualitative nature than of a quantitative one. And qualitative models are better
captured by foundational frameworks of Mathematics itself which are grounded on
the notions of qguality and relation. The aim of the present paper is to engraft Biology
into such a framework, outlined in section 1. There the "pre-mathematical" notions of
quality and relation are taken as primitive, and a few fundamental qualities and
relations are proposed as a preliminary common basis suitable for engrafting the main
concepts of various scientific disciplines. A weak, but strongly selfdescriptive
axiomatization of this pre-mathematical premise is given, which in turn allows to
introduce other fundamental mathematical concepts, namely operations, collections,
and sets, which are needed for dealing with the specific notions of the various fields
of research.

Engrafting Biology into this framework amounts to isolating some of the ob-
jects studied by Biology and to investigating the way they are connected and
described through the basic notions of the general theory. In order to avoid any form
of conceptual (philosophical) reductionism, we shall introduce different qualities in
order to identify the different kinds of objects under consideration, namely biological
and living objects in section 2, and Species in section 3. Relations, collections and
operations will be used in investigating the interactions among these objects,
depending on time and other parameters. We hope that this axiomatization may
clarify, at least in part, some of the problematic aspects of the basic biological notions
and also that it may facilitate a critical dialogue among researchers of various

scientific disciplines, more or less related to Biology.

1. FUNDAMENTAL QUALITIES AND RELATIONS

Mathematics, Logic and Computer Science, as well as most disciplines in Sci-
ence and Humanity, deal with several qualitatively different objects and study rela-
tions over them. It seems therefore appropriate to propose a general axiomatic frame-
work consisting of a few fundamental qualities and relations. Additional qualities and
relations peculiar to each specific field can then be naturally introduced within this

framework. A simple axiomatization of the notions of quality and relation is given in



De Giorgi et al. (1996a, b) and in Forti and Lenzi (1997). For the convenience of the
reader we extract from this last paper the definitions and the axioms which we use in
developing the biological theory below.

First of all we isolate as primitive, i.e. not reducible to preceding concepts, the
following notions:

- the object ¢ is a quality,

- the object x has the quality g (written as gx);

- the object r is a binary relation,

- the objects x,y are in the binary relation r (written as r x,y);

- the object s is a ternary relation},

- the objects x,y,z are in the ternary relation s (written as s x,y,2);

- the object 7 is a quaternary relation},

- the objects x,y,z,w are in the quaternary relation ¢ (written as ¢ x,y,z,w).

We do not exclude, of course, that there are also quinary relations, and in gen-
eral relations of any larger arity. The reason for stopping here to quaternary relations
is twofold. On the one hand, in this paper we utilize only relations with arity up to
four. On the other hand, we could have considered only binary relations and used
some internal encoding of n-tuples, as it is usual in ordinary set theory. However, it
seems more in line with our informing principles not to have to encode natural
primitive concepts such as simple and binary operations, which are naturally
described below by means of a ternary and a quaternary relation. Notice that, in order
not to have an unnecessary constraint, we adopt the traditional philosophical attitude
in dealing with qualities and relations as intensional notions, and we do not postulate
extensionality for them.

In accordance to the general principle of selfdescription we introduce first four
distinguished qualities corresponding to the primitive kinds of objects considered
above, i.e. the classifying qualities: Qqual, Qrelb, Qrelt, Qrelg.! Hence we postulate:
AXIOM Q. Qqual, Qrelb, Qrelt, Qrelq are qualities.

1) No object has simultaneously two of the above qualities;
2) x is a quality if and only if Qqual x;

3) x is a binary relation if and only if Qrelb x;

4) x is a ternary relation if and only if Qrelt x;

5) x is a quaternary relation if and only if Qrelq x.

I As an aid to recalling the intended meaning of the distinguished objects we use
suggestive names, containing fragments of the corresponding Latin word, e.g.
qualities have prefix Q, relations R, qualities and relations concerning qualities or
relations usually have suffix or infix qual and rel, respectively Moreover basic
operations or collections have upper case initials and objects involving them have
prefix, suffix or infix op or coll.



We introduce next the fundamental relations Rqual, Rrelb, Rrelt, which de-
scribe the behaviour of qualities and relations. Hence we postulate:
AXIOM R1. Rqual is a binary relation:

1) if Rqual x,y then Qqual x;

2) if Qqual q then Rqual q.x if and only if q x.
AXIOM R2. Rrelb is a ternary relation:

1) if Rrel b x,y,z then Qrelb x;

2) if Qrel b r then Rrelb rx,y if and only if r x,y.
AXIOM R3. Rrelt is a quaternary relation:

1) if Rrelt x,y,z,w then Qrelt x;

2) if Qrelt s then Rrelt s,x,y,zif and only if s x,y,z.

Apparently the action of quaternary relations is left here without internal de-
scription: it would require a guinary relation Rrelq, thus giving rise to an infinite se-
quence of fundamental relations of increasing arities, as in De Giorgi et al. (1994a).
As pointed out above, we prefer to stop at a low level of complexity; an internal
description of quaternary relations can equally well be obtained in various ways,
following De Giorgi et al. (1996a, b) or Forti et al. (1997, 1999).

The general framework of this paper makes use of two other primitive kinds of
objects: operations and collections (and sets), which occur, in fact, in developing any
scientific theory. According to the basic pattern for engrafting new concepts in our
framework, we introduce suitable qualities, which classify the objects under consider-
ation, and suitable relations, which describe their behaviour and connect them with
previously considered objects. Also operations, collections and other basic notions
will be used in engrafting new theories, after having introduced them below. However
we shall maintain the guiding principle that the "most fundamental" (hence less
"manageable" and more "dangerous") objects are qualities and relations.

The concept of operation builds solely on the intuition of an operation as an
object which acts (operates) on one, or two, objects and possibly produces a result. As
in the case of relations, we do not exclude that there are operations which act on more
than two objects at once: we simply don't need to consider them in this paper. Hence
we introduce the qualities Qops and Qopb of being respectively a simple (unary) and a
binary operation and the corresponding relations Rops and Ropb. The functionality of
operations is expressed by postulating that the relations Rops and Ropb are
““univalent". Hence we postulate:

AXIOM O1. Qops is a quality, Rops is a ternary relation:

1) if Rops x,y,z then Qops x;

2) if Rops x,y,z and Rops x,y,w then z=w.

AXIOM O02. Qopb is a quality, Ropb is a quaternary relation:
1) if Ropb x,y,z,w then Qopb x;



2) if Ropb x,y,z,w and Ropb x,y,z,t then w=t.

The concept of collection aims to capture the most general notion of "aggrega-
tion into a whole of different objects of any kind", which underlies the definitions of
class and set, given by Frege and Cantor. They are "extensional" in nature, in the
sense that collections having the same members are identical. On the contrary, we
have not postulated extensionality for operations, since we do not want to rule out the
possibility that there exist operations, acting on the same objects and giving the same
result on each object, which are nonetheless different, for they operate according to
different procedures. Hence we introduce the quality Qcoll, of being a collection,
together with the binary relations Rcoll (membership) and Rincl (inclusion), and we
postulate:

AXIOM C1. Qcoll is a quality; Rcoll and Rincl are binary relations:

1) if Rcoll x,y then Qcoll x, i.e. x is a collection;

2) if C,D are collections then Rincl C,D holds if and only if Rcoll D,x impliesRcoll C,x
for any x;

3) if C,D are collections and both Rincl C,D and Rincl D,C hold, then C=D.

Given the axioms above, we can adopt unambiguously the standard notations:
- if f'is a simple operation, then y=fx stands for Rops f,x,y; if there exists an object y
such that y=fx we say that "y is the result of f applied to x", or that "fis defined at x",
or that "fx exists"; moreover we denote such a y by fx. If no such y exists, then we say
that "fis undefined (or not defined) at x".

- if g is a binary operation, then z=gxy stands for Ropb g,x,y,z; if there exists z such
that z=gxy we say that "z is the result of g applied to x,y", or that *" g is defined at x,y",
or that *" gxy exists'"; moreover, we denote such a z by gxy. If no such z exists, we say
that *" g is undefined (or not defined) at x,y";

- if C is a collection, then we write x' | C for Rcoll C,x and we say that x belongs (is
an element of) C; we write x'| C when it is not the case that Rcoll C.x. If C,D are
collections, then we write C [1D (or D [] C) for Rincl C,D, and we say that C
includes D, or that D is a subcollection of C.

A thorough development of the theory of operations and collections is carried
out in Forti et al. (1997, 1999). Here we do not need to postulate the existence of any
fundamental operation. We postulate only the existence of few collections, namely
the universal collection V, the empty collection @, the collection of all collections
Coll, and the collection of all sets Ins?. Sets are selected as "manageable small
collections", which correspond to the usual collections considered in applied science,

and can be dealt with freely by all means of ordinary Mathematics.

2 The word Ins has been chosen in accordance with the Latin insimul (meaning
simultaneously) which is the root of the word for sets in some Neo-Latin languages,
e.g. insieme (Italian), ensemble (French)



AXIOM C2.V, @, Coll, Ins are collections:

1) for all objects x, x IV and x/[/®;

2) x LiColl if and only if Qcoll x;

3) Ins is a subcollection of Coll, whose elements are all sets.

We assume of course that all (intuitively) finite collections are sets.
Operations, collections and sets peculiar to Biology will be introduced in the sequel.
In particular all sets considered in this paper are finite, whereas we shall consider
collections which, although not necessarily infinite, are nevertheless very large and
rather indeterminate, so as to appear different from the sets we are introducing, which

are much better determined.

2. BIOLOGICAL OBJECTS AND LIVING OBJECTS

We start from the statement
Biology is a Science which studies Biological Objects
Keeping to this apparently trivial statement, it seems convenient to introduce
axiomatically the quality of being a biological object: Qp;,;
AXIOM 1. Qpipr is a quality. An object x has the quality Qpior if and only if it is a
biological object.

We shall write Qpoix to mean that x is a biological object. Following the gen-
eral pattern of this nonreductionist foundational theory, we do not intend to define
once for all the notion of biological object in terms of "more fundamental' notions.
Rather we try to find out some of the main features of biological objects and we state
them in form of axioms.

First of all, we notice that any biological object is always involved in three
fundamental relations: it has been generated by something, it exchanges energy with
someone, it is made up by parts and is itself part (constituent) of complex entities.
Hence we introduce the following binary relations
- Ry the most general relation between generator and generated;

- R,,,: the most general relation involving exchange of energy;

- R_,,s: the most general relation between part and complex.

We formulate the axioms concerning these relations and biological objects:
AXIOM 2. Rgen is a binary relation. If Qpjo1y then there exists x such that Rgeny,x .

In our setting, Rgeny,x means that y has been generated by x. Here Reen is
conceived as the "most general" relation of generation, hence no particular "process of
generation" is specified. It may be that x is itself a biological object, but it is also pos-
sible that this is not the case (e.g. in photosynthesis CO» and HyO generate sugar).
Several specifications of this general relation can be considered in different contexts:

we shall deal in the sequel with the operations of generation which instantiate this



relation when living objects are concerned (we shall also introduce operations of

speciation in order to generate species).

Similarly, also the relations R,, and R are intended to represent the "most

cons
general way" of exchanging energy and constituting part, respectively. Therefore
these relations provide only very generic information about the effective way the
involved objects are correlated. In further developments, these relations have to be
made more precise by introducing relations and operations specific to the various

kinds of objects under consideration.
AXIOM 3. R,,, is a binary relation. If Qp;,;x then there existsy such that R, x,y.

The intended meaning of R,, x,y 1is that there is an exchange of energy

between x and y . Notice that we have nor postulated that also y is a biological

object, as it is natural in this case.
AXIOM 4. R, is a binary relation. If Qp;,x then there exist y and z such that

Rions Xy and Ry, 2.X.

The intended meaning of R, x,y is that x is a component (constituent) of y,

or that y is a complex object and x is a part of it. We can give some examples.

- The lion (not the species Panthera leo, but the individual lion) is obviously a
biological object. Hence it enjoys the quality Qy;,;. The axioms 2,34 are satisfied,
since it has been generated and it could have generated and so it belongs to the
domain of the relation R,,, and it can also belong to the codomain of R,,,. Moreover

it is involved in the relation R,,, (e.g. when it eats a gazelle) and it is made of parts

en’
(its organs, etc.) and it is part of larger objects (the ecosystem, the population, etc.).
Hence it is both in the domain and in the codomain of the relations R,,, and R_.,,,,-
- Also the DNA has the quality Qy;,; and in fact it can generate either DNA or RNA
and so it is in the domain of R,,,. In order to generate, it needs to exchange energy
(e.g. with enzymes) and so it is also in the domain of R,,. Finally it is both in the

domain and in the codomain of R since it is constituted of bases, orthophosphoric

cons

acid and pentose and it is a constituent of the cell.

Notice that being involved in the three general relations R, R, and Rg,,, is

only a necessary condition for having the quality Qy;;. It is clearly not sufficient: in
fact it easily seen that any atom is involved in all of them. E.g. an atom of helium is
generated by fusion of two atoms of hydrogen, exchanges energy by emitting and ab-
sorbing photons and it is part of complex objects like stars and it is made up by pro-
tons, electrons, and neutrons. However it would be a nonsense to consider any single
atom a biological object. Less trivial examples could be given for any attempt of
characterizing biological objects through general relations involving also non-
biological objects. This confirms the convenience of introducing axiomatically the
quality Op;or-



We consider now the living objects. As previously underlined, it seems incon-
venient to try to define the living objects by means of previously introduced concepts.
Hence we introduce a quality Q,;, (Lat. vivens) which characterizes all and only
living objects. Obviously all living objects are biological objects, hence they also have
the quality Qp;;-

AXIOM 5. Q,,, is a quality. The objects having Qy;, are called living objects. If
Q,ix then also Qp;x.
Every object enjoying Q,;, has also Qp,,;, hence is involved in the general

relations of the biological objects, namely R ,s.R,,, and Rg,,. In this case we can be

cons’-ten’
more specific, and we consider as a basic characteristic of living objects the fact of
being involved in operations of generation. Therefore we introduce the new notion of
operation of generation with the intended meaning that any such operation g applies
first to a "time parameter" ¢ and produces a "concrete" operation gf, which in turn
applies to one or two suitable living objects and produces a (possibly empty) set of
living objects.

Hence we postulate

AXIOM 6. Op,,, is a collection of operations (called operations of generation):
1)if 8L0Pgen then g is a simple operation defined on "time-parameters" t/ /T;

2) if gt exists then it is a (simple or binary) operation;

3) if X,Y are living objects and (gt)X (or (gt)XY) esists, then it is a set of living objects;
4) if (g1)X={Z\, ....Zn} (or respectively (gt)XY={Z;, ....Zy}) then Rq,, Zi,X (and re-
spectively also R, Zi,Y).

We can say that, as far as living objects are concerned, the relation R,,,, takes
into account the operations of generation in which it has been involved in the past,
those in which it is actually involved, together with all those in which it will be
possibly involved in the future. On the other hand, the operations g Opg,,

correspond to the single ways of effectively generate. Any operation of generation
8L0p g,y corresponds to a “specific way” of reproduction. When g is applied to a

29

suitable “time-parameter ” ¢, it produces an operation gt representing the single
concrete action by means of which one or two living objects generate other living
objects. If g is an operation of generation and X,y are suitable living objects, we intend
that z/(gt)xy if z is generated, possibly together with other living objects, by the
concrete operation g¢ involving x and y taken in their state at the time 7.

We have taken a set of living objects as result of an operation of generation
since a single such operation can produce more than one individual. The "time-
parameters" have been introduced in order to take into account the fact that biological
events have, in general, a location in time (and also in space). We have not yet
specified the collection T of parameters: we may construe it as consisting of classical

time intervals or else of relativistic space-time intervals. More generally, we could

10



introduce a collection of suitable "sorts" (states of the universe) constituting a (finite
or infinite dimensional) "phase space" correlated to the general theoretical frame into
which the biological theory under consideration is engrafted.

The different operations belonging to the collection Op,,, are intended to
represent the different kinds of generation. Hence this collection allows for beginning
the process of axiomatization of reproductive phenomena. In particular, the fact that
each operation g/Op,., can give rise to binary or simple "concrete" operations
corresponds to the fundamental distinction between sexual and asexual reproduction.
The latter corresponds always to simple operations, whereas the former corresponds
more frequently to binary operations, but allows also for simple ones.?

We consider here in general operations of generation which act on living ob-
jects, and in fact these are dealt with in axiom 6. However, this axiom does not
exclude the existence of operations of generation which, in suitable time intervals,
apply also to non-living objects. In fact, the following axiom 7, stating that any living
object has been generated by a suitable operation of generation, yields the existence of
such operations applied to non-living objects, at least at the "first generation" (origin

of life). Otherwise one should be led to postulate an unlikely infinite regress in time.
AXIOM 7. For every object X having the quality Q,;, there exists an operation

8L0pgen and a time-parameter t/ /T such that X belongs to some set produced by an

application of gt.

Before facing the difficult problem of axiomatizing the notion of species it
seems convenient to proceed in analysing the fundamental relation Ry,,. Hence we

conclude this section by introducing the "transitivization" R,,,* of the relation Ry,

which corresponds to the intuitive notion of ancestor. We postulate
AXIOM 8. Roep™ is a binary relation. Roen™ Xy holds if and only if there exist

1.2 Satisfying the relations Rg,,X,21, Rgep21,22; - RgenZny-

3 Our formalization depends on the number of individuals taking part to each
operation of generation. Hence simple operations correspond to asexual reproduction,
to parthenogenesis (where the egg is activated without the aid of the spermatozoon),
and to the amphimictic reproduction of autogametic individuals (where both egg and
spermatozoon come from the same specimen). On the other hand binary operations
correspond to biparental amphimictic reproduction as well as to gynogenesis and
androgenesis (where the egg is fertilized by the spermatozoon of a different individ-
ual). A different formalization is of course possible: one can take into consideration
the individual(s) whose genome is the starting point of the new individual. In this case
gynogenesis and androgenesis have to be associated to simple operations, too, because
the new born develops with the genome of a single individual (namely the one who
gives the pronucleus). Hence in this case binary operations correspond only to
biparental amphimict reproduction, where the new born develops thanks to both the
maternal and the paternal genomes.

11



If Qyiyx, Qyjyy and there exist objects x', y' such that Qy;, X', Qvivy" , Rge, x,X' and
Rgeny,y', than there exist z such that Q. 7, Rgpp* X,2 and Rgep™ y,2.

The axiom 8 is very powerful, in that it yields the existence of a common
ancestor of all living objects (at least those considered in the theory, i.e. those having
the quality Q,;, ). In our opinion, this assumption simplifies the following
development of the theory and corresponds to the present day biological knowledge.
Notice that the typical feature of this theory allows for an easy engrafting of possible

future discoveries of new living objects not correlated by the above general relation

Rgep™ - One should simply introduce new qualities Qy;,', Q,;,", efc. together with the

corresponding relations Ry,p,', Rgep".

3. THE CONCEPT OF SPECIES

The concept of species is a very discussed one in contemporary Biology, see
e.g. Wilson (1995) and Continenza (1996). For a recent point on this topic we refer to
Ghiselin (1997). An example of formalization has been given in Morchio et al.
(1987). Working within our framework it seems natural to introduce the different
species as qualities of living objects. Moreover we have to consider the quality Qgpec
of being a species and the relation R,,. which connects two living objects of the

same species. We do not introduce a specific relation connecting any living object
with its species, since any species is a quality and so the general relation R ,,,; makes

the job. We postulate that any two individuals of the same species always have a com-
mon ancestor of the same species, hence the relation Ry, is a sort of "transitive re-
finement" of the relation Rgen*.

AXIOM 9. Ogpecisa quality, Ropec isa binary relation..

1) QspecS holds if and only if S is a species, and then S is a quality enjoyed by living
objects. Moreover S is a biological object, i.e. QpiolS.

2) Rpecx.y holds if and only if there exists a species S such that Sx, Sy.

3)If Rypecxsy then x,y have a common ancestor of the same species, and are connect-
ed to it by a finite number of living objects of the same species which are pairwise
connected by the relation of generation Rgen. lLe. there are xj,...Xp,yI,..-Yn, 2
pairwise in the relation Rspec such that ReeyX.x1, ReepX1,X2,...; RgenXn2, Rgenym2,
Rggn)’m-]:))mw-, Rgen,y2ry1» Rgerl)]yy] .

4) For any species S there exists a collection of time-parameters Ts such that, when-

ever X,Y belong to the species S, g/ Opgen, t/'Ts and (gt)XY = {Zj, ....Zn} then all Zj

belong to the species S.
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An example can clarify the point. The lion belongs to the species Panthera leo
(shortly P.leo). In our setting this means that P./eo: is a quality and that any individual
lion has the quality P.leo and is in the relation Rgpec With any other past, present or
future lion. Moreover if g/0p,,,, is such that for a suitable time-parameter t/Tp jeo 8¢
is applicable to two particular lions (i.e. objects X,Y enjoying P.leo), then the result is
a set of puppy lions, i.e. any z//g?)XY has in turn the quality P.leo.

The collection Ts considered in clause 4 of the axiom 9 is introduced so as to
take into account the special time parameters corresponding to the operation of
speciation to be introduced later. Namely, if during the time interval corresponding to
Ts a operation of speciation produced a new species S', then some (or possibly all)
descendants of § individuals generated after the end of 75 will belong to the new
species S'. This seemingly paradoxical situation originating from the opposition of
the theory of evolution and the concept of species born inside of a fixistic paradigm.
This contraposition can be composed, in our opinion, by postulating that the
individuals generated when an operation of speciation takes place may belong
simultaneously to more than one species.

Notice that we have not considered exceptional times in the clause 3 of the
axiom. Hence any two individuals of a new species have necessarily a common ances-
tor during the speciation period. One could have assumed instead the existence of
another special time interval (situated immediately after that of speciation) such that
the validity of clause 3 is suspended, and the common ancestor may be found in the
old species S.

The concept of species is a fundamental one in Biology and, even in this first
attempt, it is worth a deeper inspection. The main point we intend to axiomatize is
that, once a species has been originated, the relations of generation among its
members constitute a unitary system: it starts from the event of speciation and
proceeds in the future until a new speciation event takes place, whichever kind of
reproduction is actually involved. In fact, even in presence of different operations of
generation, this system of relation characterizes that one species. During the time
interval Tg an operation of speciation takes place, and this makes problematic the
classification of the involved individuals into the one or the other species. We shall
deal with this problem later on.

The traditional definition of species is hybridological. One says that two indi-
viduals belong to the same species if they generate fertile offspring. Of course, this
does not yield logically the converse property that individuals of different species can-
not generate fertile litter (actually, at least one sex should be infertile). However it is
natural to assume this criterion, which is useful in experimental practice. In some
cases this allows for providing experiments (laboratory crosses) in order to establish

whether given individuals belong to the same species. It cannot be taken as a general
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definition of species, of course. E.g. it does not apply to species with peculiar
operations of generation (like asexual or parthenogenetic reproduction) and it is
obviously unsuitable for fossils! Our axiom 9 deals only with operations of generation
internal to a given species and states that they cannot bring us outside the species.
Nothing is stated about fertility, and operations of generation applied to individual of
different species are not considered there. Since the latter are possible and indeed
frequent in appropriate situations, we take into account the case of hybrids in the
following definition.

DEFINITION 1. If x belongs to the species S,y belongs to the species S'=S, and
8L0pgey, is such that (gt)xy = {z}, ...2n}, then all zj are called hybrids S-S'.

We point out the fact that in general hybrids give not rise to a new species. In
order to originate a species, we state that a suitable process has to take place, which
we shall axiomatize below by means of an operation of speciation, which in general
does not involve coupling of individuals of different species. In fact when an
operation of generation is applied to hybrids, then the result is empty, in general.
Actually such operations can provide nonempty results when applied to a hybrid S-S’
(usually of the homogametic sex) and to an individual belonging to one of the species,
say S: but in this case the offspring tends to belong to the species S. We are therefore
led to postulate:

AXIOM 9'. If x belongs to the species S and y is a hybrid S-S', . Opyg,, and (gt)xy =
{z1, .-..zn}, then all objects z;j are assigned to the species S.

Any working researcher knows that the most effective techniques for
characterizing species are based on morphological criteria. Any species is identified
by isolating some morphological characters which identify and distinguish it. Hence
we introduce the notion of morphological quality, intended as a quality corresponding
to some physical characteristic feature, which can be observed and described, even if
not necessarily connected with how the object looks like. We fix a large collection
Morph, intended to contain all morphological qualities which are considered at
present together with all such qualities which can possibly be considered in future
developments. Clearly every living object has a number of quality from the collection
Morph, which are sufficient to identify it. Some of these qualities are shared by all the
objects of the same species. In fact, when the specialist defines a species, he/she looks
for those aspects which are common to all individuals of that species and are
sufficient to allow the assignment of new individuals to that species. Therefore we
postulate:

AXIOM 10. Morph is a collection of qualities. For any species S there exists a finite
family Morphgs of subset s of Morph such that every individual of the species S has all

qualities of some set M/ Morphs, and conversely every object having all qualities of
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some M/ Morphg belongs to the species S. These qualities will be called the morpho-

logical qualities of the species S.

This axiom seems to be unproblematic in most cases, and in fact very often
just one set of morphological qualities suffices, hence Morphg can be taken to be a

singleton {Mg}. However associating to each species a single set of morphological
qualities will be unsuitable in case of strong sexual polymorphism, as well as when
facing phenomena like the albino tiger and similar pathological differences.
Considering a family of sets, which however would share many common qualities,
allows for taking into account such morphological difference inside a single species.
To be sure, it poses the possibly difficult problem of actually isolating out from the
large collection Morph of all possible morphological qualities a family Morphg of
subsets, suitable for characterising a given species S.

Notice that the whole collection Morph cannot be completely described and is
being continuously enriched, following the developments of experimental Biology. In
fact, we are ready to consider morphological qualities corresponding to any visible, or
better describable aspect. In particular we include among these qualities also number
and shape of chromosomes, or presence/absence of fixed sequences of DNA. Hence
we maintain our axiom even when facing the so called "sibling species". These are in
fact morphologically indiscernible if one takes under consideration only
morphological qualities already isolated at a given step of the scientific development,
and are proven different by a hybridological experiment. However, we think that also
these species can be separated by suitable qualities which can be viewed as
morphological in some extended sense *.

Thus the axiom 10 reduces the problem of determining when two individuals
belong to different species to a simple verification of particular qualities, at least in
principle: of course it leaves open the important experimental problem of determining
a suitably complete set of morphological qualities for each species.

We proceed now to systematize the problem of the origin of the species. We
can assume that all processes of speciation considered up to now in Biology can be
uniformly described by a collection Opgpec consisting of operations of speciation.
These operations apply to one (or two) suitable species and produce one or two
species. As we postulate for the operations of generation, also the action of the
operations of speciation takes place in time. Hence we use again the collection of
parameters 7 which can considered as constituted of time intervals (intuitively

"larger" than those used for the operations of generation). Obviously we leave open

4 It is worth noticing that morphological differences involving chromosomes have
been put into evidence even in the so called homosequential species of Drosophila ,
i.e. related species which exhibit also a strict similarity of polythene bands. In fact
they show different quantities of heterochromatin, see Yoon (1989).
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space in T for interpreting some more general dependence on "states of the universe"
(in particular it seems appropriate to consider also a spatial collocation as relevant in

operation of speciation).
AXIOM 11. OPgpecis a collection of operations (called operations of speciation) :

1) if fLOPpgpec then fis a simple operation defined on "time-parameters" t/T;

2) if ft exists, then it is a (simple or binary) operation;

3) if X,Y are species and (ft)X (or (ft)XY) esists, then it is a set of species, which in
general contains at most two species;

4) if X,Y are species connected by an operation of speciation and y is an individual of
the species Y then y has an ancestor of the species X.

As a matter of fact most operation of speciation are simple. Binary operations
formalize the case of speciation by hybridization, which is extremely rare in animals
but somewhat more frequent in plants. We take the result of an operation of speciation
to be a set of species, rather than a single species, so as to comprehend all cases
occurring in practice: after the operation a new species can replace the old one, or can
add itself to the old one, or else the old species disappears and two new species take
place instead.

Suitable parameters /T, are introduced, since any fLOpg,,. is an operation
which takes place in a determined time interval f.. It is natural to assume that an
operation of speciation operates through a number of generations. During this process,
the original species is still present, and the new species begins to appear. With this
fact in mind, we introduced in the axiom 9 the set of the "exceptional time
parameters" Ts. Roughly speaking, the time parameters ¢' of an operation of speciation
are much larger than those #/Ts which allow operations of generation applied to
individuals of the species S to possibly produce living objects not belonging only to
that species. The latter can be viewed as subintervals of t'; therefore we call strict
inclusion the corresponding relation. As pointed out before, our parameters are not
necessarily intended as purely temporal, but rather as carrying on more information
about the general situation (e.g. also spatial location is often relevant). Thus we
introduce the relation of strict inclusion, Rincl , by postulating
AXIOM 12. Rincl is a binary relation over the collection T.

1) ift,t'[T, ft'is an operation of speciation involving the species S and producing the
species S' and it holds Rincl t,t', then t/ Ts ;

2) in such intervals the operations of generation, applied to individuals of the species
S can produce individuals belonging simultaneously to both species S and S'.

It seems appropriate to state as an axiom the biological fact that any species
arises from a unique operation of speciation:

AXIOM 13. Given any species S there exists a unique fJOpspec and a unique pa-
rameter t/ /T such that S belongs to the result of ft.
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Axiom 13, together with a few natural properties of the collection of
parameters which have not been explicitly postulated, yields an important
consequence, namely
THEOREM 1. (Irreversibility of evolution) A species cannot be generated again
from a species which has been generated by it before, nor even from other species
originated from the latter by iterated application of operations of speciation.

Proof. Let S' be a species generated by the species S at #//T by applying the opera-
tion fLOpgpe.. Assume that in turn S' generates the species S at #'T by applying the

operation ' Op,p,.. Then, by axiom 13, the unique parameter ¢', at which the species

S has been originated necessarily precedes t, since at t the species S has to be present
so as to generate S'. On the other hand #' also follows t, since S' has been generated
by S at z. Hence either we accept an improbable "circularity" of the time parameters,
or we exclude ‘"repetitions" o "inversions" in processes of speciation. The same
argument obviously applies to the time parameters ¢', ¢", t"',... needed in regenerating
the species S by passing through several species S', §", §"',... and applying operations
e QED.

We can summarize the properties of the notion of species axiomatized above
in the following theorem:
THEOREM 2. Any species S is originated by a single fJOPspec applied to a single
parameter t/ /T, it comprehends all and only biological objects that share the morpho-
logical qualities q belonging to some M/ Morfs ; they are all connected to each
other by the relation Rg,,..

These properties hold for all species, independently of the way they reproduce
themselves. In particular, the fact that crosses produce fertile hybrids is a possible
characteristic, rather than a constituent of the definition.

Up to now we have taken into account only the relation of generation Rgep.
Since the species are biological objects, they are also involved in the fundamental
relations Rg,; and R.ons with which we shall deal briefly now. Any species has a
specific role within its environment. It is connected with the whole ecosystem of the
biosphere by peculiar ways of interchanging energy: e.g. the individuals of the species
can be producers or consumers, preys or predators, and of various species, etc. We
cannot give here an axiomatization of these notions, and we shall use them informally
according to their usual biological meaning. We remark, however, that any
formalization of these concepts will relate them to each species by the general relation
RCOIIS'

On the other hand we associate to any species S a characteristic set of
relations R.,s. The elements of R.,g are "specializations of the general relation R,,"

and express the role of the species S with respect to the other species and also with
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respect to larger aggregations (up to the whole ecosystem). Obviously these relations
are instantiated by operations acting on the individuals of the species S and on other
objects, biological or not. Following our practice, we collect these operations
producing interchanges of energy into a suitable collection Opgys .

AXIOM 14. For any species S there exist a set of relations R.,s and a collection of
operations Opeps satisfying the following conditions:

1) if RIReys , then R is a relation such that R x,y implies either x=S and RS,y , or
y=S and Repx,S;

2) if e/ Opens then e is a simple operation defined at time parameters t//T; et is a bi-
nary operation producing interchange of energy: i.e. (et)xy=z implies that x belongs
to the species S and that Repx,y.

The relations R/ R.,s involve directly the species S in connection with other
biological objects. E.g. the species P.leo is related to the ecosystem which it belongs
to: being a carnivorous species, it has a function of control, so as to avoid a demo-
graphic explosion of herbivorous species. This relation is explicated through the
actions of individual lions, e.g. that of hunting a gazelle, which can be represented by
suitable operations e/ Opeps -

Finally we can deal briefly with the relation R, as far as species are con-
cerned. A species (similarly to almost all biological objects) is involved in both direc-
tions with the relation R.,,s. On the one hand its constituents are individuals, on the
other hand it is part of higher levels. It is worth noticing that both ways of being in the
relation R.y,s have to be articulated according to the aspects which are under consid-
eration. If we are looking to energy exchanges, then the species is mainly related to
the ecosystem; if we are considering the operations of generations, then it is rather
related to other taxonomic categories (genus, family, etc.).

This first axiomatization of the notion of species needs a deeper inspection of
the operations of speciation belonging to Opgpec. These operations act during time in-
tervals which extend over a number of generations: it follows that there are
individuals which are generated and generate during this time interval. These
individual have to be assigned to the original species until the speciation process is
concluded. Once it is done, some of these individuals can also be considered as
belonging to the newly originated species. This assumption has an interesting
consequence: a species S is constituted by individuals x;,x2, ....,xp,... distributed in
time-space, starting from the parameter + which corresponds to the operation of
speciation which has originated S. If at some successive time ¢' there are no more
individuals belonging to S we can say that the species S is extinct. Some individuals
of § , say xj,....xj, belong also to other species. A particular subset contains those
individuals which belong also to the species Z which has generated S , assuming that

S/ (ft)Z; other subsets can contain individuals of new species generated by § before its
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extinction. It is an important feature of our axiomatization the fact that, whenever a
specialist defines a new species deriving from a preceding one, the existence of a
suitable operation of speciation is postulated, such that applied to the latter produces
the former. Hence, during the time interval corresponding to this operation, there are
individuals which have to be assigned to both species.

We can make explicit our assumptions by considering the following example.
Consider the species Homo abilis (H.abilis) and Homo erectus (H .erectus): in assum-
ing that H.erectus and H.abilis are different species and that in fact H.erectus
originates from H.abilis, we assume at once the existence of a suitable fL.Opy,,. and

of an appropriate parameter ¢//I" such that H.erectus/(ft)H.abilis. Therefore, during
the time interval 7 there have been individuals xj,....xj belonging simultaneously to
both species H.erectus and H.abilis. In our opinion, this way of considering the
operation of speciation has a evident advantage, namely it avoids attributing a specific
name to any intermediate form. Actually, assigning a specific name, say H.inter, to
some intermediate form makes it necessary to assume that this form is separated from
the considered species by at least two operations of speciation, thus giving rise on the
one hand to individuals belonging simultaneously to H.abilis and to H.inter, and on
the other hand to H.erectus and H.inter. The original problem is thus reproduced
twice.

Our axiomatization and its consequences depend of course on the acclaimed
biological facts and on our interpretations of such facts. We propose this
axiomatization to the attention of all interested scholars, and we do not impose it as
definitive. On the contrary we are willing to foster reactions and criticism, so as to
improve our assumptions. We point out the main advantage of this approach, namely
the fact of using as ground theory for our exposition a non-reductionistic framework
more suitable for applications. Therefore we are able to use freely, but rigorously
qualities, relations, operations and collections, without being imprisoned by the
mathematical constraints of the usual set-theoretic codes of these notions. This
approach should allow for a clear understanding of our fundamental theses. It should
provide at once a natural language and an open-ended framework suitable for
expressing and engrafting new proposals, even arising from different stand points. In
fact we intend this paper as a first schematic attempt of dealing with the biological
notions considered here. We propose it as a useful model for further research in the
field: we hope that many more biological notions can be studied in a similar way, by
introducing suitable qualities, relations, etc. and finding out appropriate axioms,
according to the development of theoretical and experimental Biology.

We conclude by pointing out a weakness of the general framework used in
this paper, which derives from its origin in pure Mathematics. The fundamental

notions of quality and relation are here intended as absolute, i.e. independent of time
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parameters or states of the universe. On the contrary, as it was to be expected,
qualities and relations which are biologically relevant are better analysed by allowing
dependence on "state-parameters". The lion has the quality Q,;, until it is alive, is in
the relation R.,,s with its stomach until it is removed, etc. It seems therefore

appropriate to give a deeper analysis of these concepts by means of a theory of
contingent qualities and relations. Also the primitive notion of biological object seems
to suggest a kind of dependence from time and state parameters, thus leading to a
general notion of variable object. We are now developing such a general framework,
following suggestions of different authors, e.g. De Giorgi et al. (1994b) or Forti and
Honsell (1996). We shall re-examine the topics of this paper in the light of these

developments.
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